In a standard option-pricing model, with continuous-trading and di¤usion processes, this paper shows that the price of one European-style option can be factorized into two intuitive components:
Introduction
In an incomplete market there is not a replicating portfolio for those securities that are not spanned, and thus, one cannot apply the "law of one price" and obtain a unique solution. On the contrary, there are upper and lower arbitrage bounds, which contain the non arbitrage prices (Merton (1973) ).
One must make further assumptions to select one of these prices or to constrain the arbitrage bounds. 1 This paper shows that the price of a European-style security can be decomposed into the price of a hedging portfolio plus a premium. More precisely, for any non-spanned security, we do not provide a speci…c price, but show that any arbitrage-free price C 0 can be factored into two components:
C 0 = X 0 + 0 . The …rst component, X 0 , is the price of a hedging portfolio and is unique, as in a complete market, and, therefore, does not depend on C 0 . The second one, 0 , is the premium, which depends only on the stream of risk premiums associated with the residual risk, and is implicit in C 0 .
The price factorization implies that we can see an option price as the sum of two separate parts, focusing on the premium 0 . These results are simple and intuitive, but have not been explicitly written out as we do here. Moreover, these results can be applied to option prices in a complete market and extend to American-style securities as well. The decomposition holds in the standard asset-pricing model, which assumes continuous-trading and di¤usion processes. These results follow from the fact that the option payo¤ can be divided into two orthogonal components: one spanned by the traded securities and a second orthogonal to them. Let us illustrate these results in a simple one-period model, which also clari…es the assumptions underlying them.
A One-period Example: We price a security C 1 . There are two traded securities, a riskless bond and a risky asset with prices 1 and x 0 = 1 and payo¤s R > 0 and x 1 , respectively. We assume that C 1 N ( c ; 2 c ) and x 1 N ( x ; 2 x ) are Gaussian ( is the mean and 2 is the variance), so that minimizing the variance is the optimal and unique hedging criterion. Let , with j j < 1, be the correlation between C 1 and x 1 . Then, the beta portfolio h 1 = 1 x c minimizes the variance of Y 1 = h 0 R + h 1 x 1 C 1 , where h 0 = 1 R ( c h 1 x ). The residual risk veri…es that Y 1 N (0; 1 2 2 c ) and E [Y 1 x 1 ] = 0. We denote by X 0 = h 0 + h 1 the price of this hedging portfolio.
The arguments are similar in a dynamic model. Consider, for example, Heston's (1993) model, which depends on a non-traded variable, stochastic volatility. Assume that the only traded securities are the market portfolio and a bank account. Hence, the market is incomplete. By using dynamic spanning, it is possible to decompose the option payo¤ into two components: One that depends on market risk only, and that, therefore, can be hedged and priced by arbitrage. And a second component, which is orthogonal to the market and depends on stochastic volatility. We show that the price of this second component depends only on the stream of volatility risk premiums.
The option price factorization, C 0 = X 0 + 0 , has interesting applications for option-pricing, which we describe next. First, it is easy to de…ne an upper and a lower bound in an incomplete market, because the price of the hedging portfolio is the same for both bounds. For example, if one considers positive (negative) risk premiums for the upper (lower) bound, the term 0 > 0 ( 0 < 0). Therefore, it is also easy to constrain the arbitrage bounds by constraining the risk premiums.
Second, the factorization is derived by using the risk-neutral measure that assigns zero risk premiums to the orthogonal risk, and applying Feynman-Kac theorem. Under this measure, the discounted upper (lower) bound is a super-martingale (sub-martingale) if the risk premiums are positive (negative). The discounted price of the hedging portfolio is the martingale component.
These results are related to Ross (1978) and Harrison and Kreps (1979) , but in incomplete markets.
As another application, consider the problem of pricing a portfolio of N securities. The price of this portfolio and the sum of the N individual prices can only di¤er in an incomplete market. The factorization implies that this di¤erence is due to the valuation of the residual risk, since the price of the hedging portfolio is the same in both cases. If there is some diversi…cation in the portfolio of the N securities (e.g., from having o¤setting positions), this portfolio can be cheaper.
The decomposition can be applied to a complete market: to factor the contribution of the di¤erent sources of risk to the …nal option price. For example, in a stochastic volatility model, we can quantify the price impact of stochastic volatility relative to market risk, 0 and X 0 , respectively. Note that 0 can be explicitly computed as the di¤erence of two option prices; i.e., C 0 X 0 . Accordingly, the percent option premium 0 =X 0 is a simple measure of mispricing (see Ibáñez (2006) ).
The decomposition also applies to American-style securities. Extending previous results of complete markets (e.g., Kim (1990) , Carr, Jarrow, and Myneni (1992) , and Broadie and Detemple (2004) ), an American option is divided into three components: a risk premium, the price of the hedging portfolio of the equivalent European option, and an extra early-exercise premium. We indeed show two di¤erent factorizations. These are novel results as, unlike European options, American options in incomplete markets have received little attention.
As noted above, the premium, 0 , depends on the risk premiums associated with the residual risk. However, di¤ering from a complete market, these risk premiums do not need to depend on "prices of risk" to avoid arbitrage. This is a ‡exibility which could be used to better …t volatility smiles. 2 If one associates a price of risk with every non-traded variable, the approach reduces to riskneutral pricing. One can show that Merton (1998) and Cochrane and Saá-Requejo (2000) present two approaches where the risk premiums are equal to zero and are proportional to the residual risk volatility, respectively. 3 This paper is related to Naik and Lee (1990) who also focus on and quantify the extra option (equilibrium) price in a model where volatility is constant but with jump risk.
The rest of the paper is as follows. Sections 2 and 3 give the price decomposition in discrete-time one-period and multi-period models, respectively. Section 4 considers the continuous-time model for di¤usion processes. Section 5 studies an example of Basis Risk. Section 6 concludes.
The One-period Model
Assume a one-period model. Let t and t+1 be the …rst and the second periods, respectively. Let K be the number of states, = f! 1 ; ! 2 ; :::; ! K g the state space, and P t the true probability measure, with
There exists a riskfree asset with prices S 0 t = 1 and S 0 t+1 = 1+r (where r > 0 is the one-period riskless rate), and N risky assets with initial prices S t = fS 1 t ; S 2 t ; :::; S N t g and …nal prices S t+1 = fS 1 t+1 ; S 2 t+1 ; :::; S N t+1 g de…ned on . Assume that there are no arbitrage opportunities. Let H be the portfolio's or trading strategy's space. In particular, there are no constraints on this space (i.e., H = R N +1 ). Let h t+1 = (h 0 t+1 ; h 1 t+1 ; :::; h N t+1 ); for h t+1 2 H and h t+1 chosen at time t; be a (hedging) portfolio with value process X h = fX h t ; X h t+1 g; i.e., X h t = h 0 t+1 + P N n=1 h n t+1 S n t and X h t+1 = h 0 t+1 (1 + r) + P N n=1 h n t+1 S n t+1 . Assume that this market is incomplete (i.e., K > N + 1) and that a contingent claim with payo¤ C t+1 is not replicable. That is, there does not exist a portfolio h t+1 such that X h t+1 (!) = C t+1 (!) for every ! 2 . Let C t and C + t be the two arbitrage bounds of this security, which solve two linear programs (see Ingersoll (1987) or Pliska (1997) ). Then, its price C t must satisfy that C t < C t < C + t to avoid arbitrage opportunities.
A Hedging Portfolio plus a Premium Associated with the Residual Risk
Let Y h t+1 , the hedging error or residual risk produced by the portfolio h t+1 , be de…ned as
Let b h t+1 be an optimum portfolio associated with a hedging criterion f (Y h t+1 ); i.e., b h t+1 = arg min
and X b h t its price. We do not specify the function f ().
It is convenient to assume (as we do in the next subsection) that b h t+1 satis…es C t < X 
, and thus, X b h t + y t is an arbitrage free price. In particular, y t can be zero if this residual risk is not priced.
Therefore, we assume that C t < X b h t + y t < C + t . This paper de…nes the incomplete market price C t as the price of the hedging portfolio, X b h t ; plus the risk premium, y t ; i.e.,
First, X b h t is, intuitively, the application of the law of one price if we assume that the residual risk is zero. Second, we add a risk premium y t to compensate the residual risk Y b h t+1 . We assume that the risk premium y t is invested in riskless bonds and rede…ne the hedging strategy as b h 0 +y t bonds and b h n risky assets for n = 1; 2; :::; N: Therefore, the total risk assumed by the writer of this security is
Upper and lower bounds In an incomplete market, one is interested in de…ning two bounds, an upper (lower) bound, C s t (C l t ), obtained when hedging the short (long) position; i.e., C t+1 (C t+1 ). Moreover, these bounds should satisfy C s t C l t to make economic sense. Consider two optimal hedging portfolios, b h t+1 (s) and b h t+1 (l), and two risk premiums, y s t and y l t , associated with the hedging errors Y
C t+1 for the short and the long position's, respectively. Then these two bounds can be de…ned as in equation (3); i.e.,
In particular,
and y s t y l t are su¢ cient conditions for
0, i.e., the same portfolio and the same nonnegative risk premium, imply that
A Risk-Neutral Formulation: The Price Decomposition
In standard frictionless markets, for both complete and incomplete markets, an arbitrage free price can be expressed as an expectation under a risk-neutral probability measure (henceforth, RNP measure). By using RNP measures, we are going to derive a related but novel result.
Let Q t be a RNP measure, and E Q t [:] be the conditional expectation operator. Q t satis…es
1 + r ; n = 1; 2; :::; N:
Let us recall the implications of a RNP measure, Q t > 0. The existence of Q t is equivalent to nonarbitrage and the uniqueness of Q t is equivalent to market completeness. Let C = fC t ; C t+1 g be the value process of an arbitrary security. If
i , C t is an arbitrage-free price. Therefore, Q t is a tool that allows us to compute the price C t as a simple risk-neutral expectation. This last point is the one that is important in the present nonarbitrage, incomplete market context.
Recall that portfolio
where the notation b Q t highlights the dependence on portfolio b h. That is, b Q t allows us to compute the price of the hedging portfolio X b h t by the risk-neutral expectation of the discounted payo¤ C t+1 : Consequently, from equation (3), the incomplete market price of C t can also be expressed as
In sum, from equations (5) and (7),
where a = +1 ( 1) for the short (long) position and upper (lower) bound.
On the other hand, if y t 6 = 0, there exists a di¤erent RNP measure b Q y t such that
which, as it is well known, can be used for pricing and to prove that C t is arbitrage free.
Remark 1. The de…nition of the price of an arbitrary security in incomplete markets, given in equation (3), where this price is equal to the price of a hedging portfolio plus a risk premium, is the main result of the one-period model. Then, equation (8) and the measure b Q t will allow us to extend this important result to the case of multiperiod markets.
Remark 2. Although we have assumed a frictionless market, the de…nition of equation (3) is independent of market frictions such as portfolio constraints or transaction costs. For equation (7) to hold, it is necessary to …nd a probability measure which allows us to compute the price X b h t as the discounted expectation of C t+1 . For a frictionless market, b Q t is a RNP measure. For a friction market, this problem is left for future research.
The Multiperiod Model
Consider a discrete-time multiperiod model with initial time 0, …nal time T , and M trading dates such that t = 0; 1; :::; M 1; and t = T M . This multiperiod model is de…ned over a probability space ( ; F; P; fF t g), with = f! 1 ; ! 2 ; :::; ! K g …nite. The stochastic processes S n t are adapted and the hedging strategies h n t+1 are predictable with regard to the …ltration F t , for t = 0; 1; :::; M and n = 0; 1; :::; N . There is a "bank account" with value process S 0 = fS 0 0 ; S 0 1 ; :::; S 0 M g = f1; e r t ; :::; e rT g. For simplicity, the short rate r is constant, but we can consider that r is predictable (i.e., r t+1 is F t measurable). We assume that the model is arbitrage free and incomplete. The objective is to price a contingent claim C 0 ; whose payo¤ C M occurs in the last period and is not replicable.
Let h = fh 1 ; h 2 ; :::; h M g be a self-…nancing dynamic portfolio with value process X h = fX h 0 ; X h 1 ; :::; X h M g, where X h 0 = P N n=0 h n 1 S n 0 and X h t = P N n=0 h n t S n t for t = 1; 2; :::; M: The asterisk denotes discounted values. It is well known that a portfolio h is self-…nancing if it holds that
where
, and S n t+1 = e r(t+1) t S n t+1 e r t S n t is the discounted gain process for every risky asset n = 1; 2; :::; N . See Pliska (1997, chapter 3) for details.
A Hedging Portfolio plus a Risk Premium-Based Approach
For a self-…nancing portfolio h, the hedging error is de…ned by
(a = 1) is the short (long) position. We rewrite this hedging error,
where Y h T = e rT Y h T and C = fC 0 ; C 1 ; :::; C M g is a F t adapted stochastic process. Moreover, we de…ne C t = C t C t 1 ; C t = e rt t C t , and Z h t+1 = e r(t+1) t Z h t+1 = a X h t+1 C t+1 for t = 0; 1; :::; M 1 and Z h 0 = a X h 0 C 0 . Consequently, the total hedging error, Y h T ; is equal to the sum of the one-period replication errors Z h t , t = 0; 1; :::; M:
The Option Price De…nition As in the one-period model (see equation (3)), we de…ne the option price as the price of a hedging portfolio plus an extra risk premium. That is, for every period t = 0; 1; :::; M 1, we divide the option price into two parts,
and assume
We can understand y t t as a risk premium associated with Z b h t+1 . This is because of the fact that if
and therefore y t = 0. In this case, the option value can be replicated at time t + 1 (i.e., there is b h t+1 such that X b h t+1 t+1 = C t+1 , and then, Z b h t+1 = 0). Option prices are well-de…ned since C M is known at maturity and since C t is F t measurable.
These prices (i.e., the value process C = fC 0 ; C 1 ; :::; C M 1 g) are arbitrage free if and only if every one-period price is arbitrage free (equivalently, it does exist a RNP measure, see Pliska (1997) ).
The Multiperiod Hedging Error The hedging portfolio b h, which appears in the option price de…nition (equation (13)), is not self-…nancing if either the risk premium y t+1 6 = 0 or the hedging error Z b h t+1 6 = 0; since b h t+1 and b h t+2 are chosen in two independent steps. Accordingly, we introduce a new self-…nancing portfolio, denoted by e h and with value process X e h , and which …nances/invests the hedging errors and risk premiums at the riskless rate. We also rewrite the hedging errors.
The new notation X b h t+1 t (in equation (13), instead of X
b h n t+2 S n t+1 ; and applies only to this non self-…nancing portfolio. Recall that C t = X b h t+1 t + ay t t and X h t = e rt t X h t . We rede…ne the hedging error as Y
C t+1 for t = 0; 1; :::; M 1, where a Y
That is, at the initial time t = 0; 
Then, for any time t = 0; 1; :::; M 1,
e h n t+1 = b h n t+1 for n = 1; 2; :::; N and e h
The multiperiod hedging error of the self-…nancing strategy e h is equal to the sum of the one-period hedging errors plus the associated risk premiums …nanced/invested at the riskless rate r; i.e.,
What follows is a key result of the paper and is mathematically simple. Therefore, we want to properly motivate this result. The procedure described above allows option-pricing by providing a hedging portfolio and the risk premiums (i.e., equation (13)), period by period and state by state.
Imagine a sensible hedging criterion and fair risk premiums, b h and y, respectively. We may wonder what the initial option price C 0 looks like and/or if has some structure. We show that C 0 can be factorized into two intuitive components, the price of a hedging portfolio, which is unique, plus a term which depends only on the stream of risk premiums associated with the residual risk.
A Risk-Neutral Formulation: The Price Decomposition
Similar to equation (8) in the one-period model, the option price can be written as (where b h is the previous non-self-…nancing portfolio in equation (13) and
C t+1 e r t + ay t t; (18) t = 0; 1; :::; M 1; and a = +1 (a = 1) de…nes the upper (lower) price bound.
Then, at maturity, the price is equal to C M : One period before maturity M 1,
Two periods before maturity M 2,
by using the law of the iterated expectation i.e., E
. And, recursively, at the initial period 0; we have the following result.
Proposition 1 Assume equation (18). Then, C 0 is as follows,
Like the one-period model, the option price C 0 is divided into two parts:
, which depends only on the risk premiums y. To see the term E b Q 0 e rT C M we need an additional assumption. Denote by b h t+1 (y = 0) the hedging portfolio if every risk premium is equal to zero in equation (13) (i.e., not only y t = 0 but also y t+1 = y t+2 = ::: = y M 1 = 0) and by b Q (y=0) t the corresponding RNP measure, for every period t.
follows from equations (13) and (21).
is equal to the price of the hedging portfolio which assumes that all risk premiums are equal to zero zero. Therefore, if "E
which is the multiperiod extension of equation (9) in the one-period model.
Remark 3. Proposition 1 holds for any given arbitrage-free price process C = fC 0 ; C 1 ; :::; C M g and any risk-neutral measure b Q, where then y t is de…ned through equation (18). And this result does not depend on whether the risk premiums and hedging errors are …nanced/invested at the riskless rate or not. To give economic content to Proposition 1, we de…ne C t as the price of a hedging portfolio plus a risk premium in equation (13).
Remark 4. Proposition 1 and equation (22) give a novel decomposition of option prices in an
," the price of an European-style security, C 0 , is equal to the price of a hedging portfolio plus a multiperiod premium. In the next section, we
show that this assumption holds in the continuous-time model for di¤usion processes. We also show that the option payo¤ can be factorized into two orthogonal components, the one spanned by the traded securities and a second orthogonal to them. Thus, equation (22) is not only a mathematical decomposition but economic meaningful.
As equation (10) in the one-period model, there exists a di¤erent RNP measure b Q y such that
e r t C t+1 for t = 0; 1; :::; M 1 (since C t < X b h t + ay t < C + t ). Therefore, from the law of the iterated expectation,
Consequently, the multiperiod risk premium can be computed as, from equations (22) and (23), 4
Finally, if all the risk premiums are zero because, for example, the market is complete (and b h is the replicating portfolio), then in all the equations above we obtain the very well-known result,
The Decomposition of American-style Securities in Incomplete Markets
American-style securities in incomplete markets have received little attention (an exception is Detemple and Sundaresan (1999)). Like European-style securities, we do not give a speci…c price but show a factorization of the American option price into three components: a multiperiod risk premium, the price of the hedging portfolio of the equivalent European option, and an extra early-exercise premium. We, indeed, provide two di¤erent factorizations.
Let I t = I (S t ; E) be the intrinsic payo¤ where E is the strike price. Let C and C A denote the price of the European and the American option, respectively. At maturity, option C A veri…es the two following equations, for t = 0; 1; :::; M 1,
. Equation (26) shows that the American option provides two premiums from t to t + 1, a risk premium and an early exercise premium. From equations (26) and (27), y A t t veri…es that
Factorization 1 From equation (26), we prove that the American option veri…es the following,
The American option is factorized into three parts: An early-exercise premium (A 1 ), a risk premium (B 1 ), and (C 1 ) which is related to the price of the hedging portfolio of an equivalent European option.
To link pricing with hedging, we de…ne
where b h A t+1 is the hedging portfolio of the payo¤ max I (S t+1 ; E) ; C A t+1 ; i.e., the hedging error is
Consequently (extending equation (17)), the total residual risk is given by
where b 2 f1; 2; :::; M g is the optimal stopping-time de…ned by the …rst (t) such that I (S ; E) C A .
Factorization 2 From equation (27), we show the following factorization,
The American option is factorized into two parts, and early exercise premium plus the price of an equivalent European option. Next, the European option is equal to a multiperiod risk premium (which depends on y instead of y A ) plus the price of a hedging portfolio, from Proposition 1,
and therefore,
Remark 5. 1) The terms (C 1 ) and (C 2 ) are the same; however, (A 1 ) and (B 1 ) are di¤erent from (A 2 ) and (B 2 ), respectively.
2) The term (B 2 ) can be computed as the di¤erence of two European options, from equation (33); however, (B 1 ) cannot be computed as the di¤erence of two American options (under b Q y and b Q, respectively), since the early exercise premium (" + in (A 1 )) changes and is not the same in both cases. 3) Like for European options, if "E
is equal to the price of the hedging portfolio which assumes all zero risk premiums. Finally, 4) if it is never optimal to exercise (i.e., " + = 0 and y A = y), then (A 1 ) = (A 2 ) = 0 and (B 1 ) = (B 2 ).
The factorization in equation (29) depends on the true risk premiums y A , but equation (34) depends on the risk premiums associated with the equivalent European option. Both decompositions can be used to reduce the valuation of American options to the European case. These two factorizations are also obtained in continuous-time in Section 4, and we explicitly obtain the early-exercise and risk premiums of an American put on a non-traded security in Section 5.
The Continuous Time Model
Assume a vector of J state variables, S(t) = (S 1 (t); S 2 (t); :::; S J (t)), which follows the following di¤usion process under the objective probability measure, P,
where is a (J 1) vector, is a (J K) matrix, and z is a (K 1) vector of independent Wiener processes. We assume that (t; S(t)) and (t; S(t)) satisfy growth and regularity conditions such that the process dS is well de…ned and has a unique solution. We remark that this continuous-time model requires technical conditions similar to those of complete markets, we refer to Du¢ e (2001).
Let r(t) be the instantaneous short rate, and r is constant to save notation. We assume that only the …rst N state variables S 1 (t); S 2 (t); :::; S N (t), with 0 N K, are tradable. For example, S N +1 (t); S N +2 (t); :::; S J (t) correspond with illiquid assets, stochastic volatility, etc.
We consider the partition of the volatility matrix 0 = [A 0 B 0 ] ; where A and B contain the …rst N and the last J N rows of , respectively. We assume that the rank of the matrix A is equal to N (almost sure), i.e., there are no redundant tradable assets. This implies that the model is arbitrage free, and hence, there exist one (multiple if N < K) risk-neutral probability measures for the N tradable assets (under technical conditions, see Du¢ e (2001)). The market is incomplete if N < K. Two special cases are N = 0, then the only hedging instrument is the risk-free asset (we de…ne = B). And N = K, the market is complete and we obtain the arbitrage-free price (and the matrix A is invertible). We assume no portfolio constraints.
The Hedging Strategy
Let C(t; S(t)) and X h (S(t)) be the price of a derivative security and the price of a hedging portfolio h, respectively, where X h (S(t)) = P N n=1 h n (t)S n (t), h 0 (t) = 0, and C(T; S(T )) is the European option payo¤ at maturity (with the notation slightly changed). By Ito's lemma, dC and dX h satisfy
and h(t) = (h 1 (t); h 2 (t); :::; h N (t)). C S is the (K 1) vector of …rst derivatives, C SS is the (K K) matrix of second derivatives, and we have suppressed the dependence of all variables on t and S(t).
De…ne the hedging error
Because dC and dX follow di¤usion processes and because of the fact that continuous trading is allowed, the in…nitesimal hedging errors are (conditionally) normally distributed and consequently the appropriate, and unique, hedging criterion is to minimize the instantaneous variance. 5 Therefore, the hedging criterion f (dY t ) is given by minimizing
where k:k 2 is the Euclidean norm. Let denote g = h C S(1:N ) : Then, the N orthogonality conditions (i.e., E P t h dS n dY b h t i = 0; n = 1; 2; :::; N ) for this problem imply that where b h is the optimal minimum variance portfolio and the matrix AA 0 is invertible since the rank of A is equal to N . Then, dX b h = b h dt + b h 0 Adz is the dynamics of the optimal hedging portfolio, and
is the remaining residual risk.
The residual risk, dY b h t , depends on three terms: the option Deltas with regard to the non-traded state variables, C S(N +1:J) ; the volatility matrix of these non-traded variables, B; and the matrix (A 0 (AA 0 ) 1 A I) which is related to the market incompleteness (if the market is complete, A is invertible and this term is zero). Then, B(A 0 (AA 0 ) 1 A I)dz t is the risk which cannot be spanned by S (1:N ) . 6 The Deltas, C S(N +1:J) , can be used for risk management. In particular, dY b h t can be equal to zero if C(t; S(t)) is replicable at time t in state S(t).
By denoting
, k = 1; 2; ::; K, the instantaneous volatility of the residual risk is given by
A Partial Di¤erential Equation: the Law of One Price plus a Risk Premium
First, if we forget the residual risk dY b h t , the law of one price implies that, similar to the BlackScholes-Merton model, the return of a riskless portfolio must be equal to the riskless rate; i.e.,
Second, if dY b h t 6 = 0, we add a risk premium y t to compensate the residual risk; i.e.,
which is equation (13) The orthogonality conditions, E P t h dS n dY b h t i = 0, imply that the risk premium y t can be speci…ed independently of the tradable assets dS n . From the PDE equation (44), " a ( c rC) = a b h rX b h + y t " is the option risk premium and y t is the risk premium if the option is hedged by portfolio b h, (recall that a = +1 (a = 1) for a short (long) option position).
Equivalently, since a 2 = 1, the latter PDE equation can be rewritten as ( dz1 + dz2; dz1 dz2) 0 which is orthogonal to dz1 + dz2.
We are interested in two bounds C s and C l , with C s C l : A su¢ cient condition is given by y s t y l t (e.g., y s t = y l t 0), where y s t (y l t ) is the risk premium associated with C s (C l ). It is the same condition in equation (5) in the one-period model. Intuitively, a lower (larger) term ay t in the PDE equation (45), i.e., a lower (larger) risk-neutral drift, implies a larger (lower) option price, since at maturity C = C s = C l . This is formally proved below.
Finally, noting that
and substituting c and b h, equation (45) is given explicitly by separate the option price in the price of a hedging portfolio plus a premium, which has a natural interpretation in incomplete markets. On the other hand, b Q y is best used for pricing purposes and to prove no arbitrage (Harrison and Kreps (1979) ).
Let Q be a RNP measure. Q can be characterized through the Radon-Nikodyn derivative, ; i.e., dQ dP = T , and 0 = 1 and
where e rT T is also the state price density and where t is a vector of prices of risk associated with dz (and the Novikov's condition holds, E 0 h exp
In what follows, we assume a standard result of pricing by arbitrage in frictionless markets (see Du¢ e (2001, 111-114) ), so we can indistinctly use any of these three properties. Under technical conditions, the following three properties are equivalent, (a) the existence of a market prices of risk process , (b) the existence of a risk-neutral probability measure Q, and (c) non arbitrage. It holds for both complete and incomplete markets.
Formally, a Feynman-Kac theorem supports that a PDE has a probabilistic solution (Du¢ e (2001, 343) ). For the N tradable assets, the risk-neutral drift must be equal to the riskless rate r; i.e.,
(1:N )
For the rest of nontradable assets, its risk-neutral drift is implicit in the PDE pricing equation (47).
From the loadings of the vector C S and the risk-premium y t , we consider the term
Then, from the de…nition of market price of risk, equations (49) and (50) must be equal; i.e.,
and from equation (48),
Consequently, from equations (48) 
Note that does not depend on the drift of the nontradable state variables, (N +1:J) . If the market is complete, A is invertible. Therefore, is unique from equation (48) and equation (53) 
where the option price C veri…es equation (47) 
The Price Decomposition
First, the total hedging error is simply the sum of the one-period hedging errors plus the one-period risk premiums, …nanced/invested at the riskless rate r. The dynamic of a self-…nancing portfolio b h
where the second line is from Itô's Lemma, and the four line is from the pricing PDE equation (45) and from the hedging error in equation (42). 
7 Recall that we assume that AA 0 is invertible. Equation (55) Without lost of generality, let = be a solution of this system obtained from a system of independent rows of . Now, consider that the volatility vector of a new non-traded variable is a linear combination of the others, i.e., b 0 = 0 .
Then, we prove that is also a solution if has an additional linear dependent row; i.e., since
8 This follows from Feynman-Kac Theorem, and implies that, di¤erent to the discrete-time model, we do not need to de…ne the risk-neutral measure b Q (y=0) . I am indebted to an anonymous referee for remarking this point.
from equation (45), and in discounted prices
Therefore, taking risk-neutral expectations under b Q; and given C(0) = C (0); we see that
and consequently,
Denote by b h t (y = 0) (by C b h(y=0) (0)) the optimal portfolio (the option price) when all risk premiums are zero (i.e., y s = 0 for s 2
and from equation (60),
. Consequently,
the option price is equal to the price of a hedging portfolio plus a multiperiod risk premium. Equations (56), (60) and (61) are just equations (17), (21) and (22), respectively, but in continuous time.
Let us assume that y t 0 (almost sure), for all t. Then, from equation (60), under the b Q probability measure, the discounted upper (lower) bound is a super-martingale (sub-martingale), and the discounted price of the hedging portfolio, e rt X b h(y=0) (t) = E b Q t e rT C T , is the martingale component. This proves that the upper bound (a = +1) is larger than the lower bound (a = 1).
Finally, since
then the multiperiod risk premium is given by
For example, if C(T ) is a European call option, the premium is equal to the price di¤erence of two call options. If the two call options have a close form solution, the premium does too.
In the continuous-time incomplete markets framework for di¤usion processes, Theorem 2 summarizes the results of the present section. American-style securities are studied next.
Theorem 2 Assume that the price process S satis…es equation (35) and that the option price C is characterized by the PDE equation (47), or equation (62), subject to a boundary condition C(T; S(T )).
Assume a frictionless and arbitrage-free market. Then, the optimal hedging portfolio b h = C S(1:N ) + b g is given by equation (41); the market prices of risk associated with the probability measures b Q y and b Q are given by equation (53) and (55), respectively; the total hedging error is given by equation (56); and the option price decomposition is given by equation (60) 
American-style Securities
The price of an American option can be factorized into three components, which is proved for a …nite state space discrete-time model in Section 3.3. We give two di¤erent decompositions.
In the present continous-time setting we prove this result as follows. An American option can be decomposed into an early-exercise premium plus an equal European option. This result was developed for the standard American put option and then extended to more general problems. In particular, we follow Broadie and Detemple (2004, Section 3.4, 1156-57) who review and explain this result. We adapt this result to our incomplete markets framework.
To relate the American option to its equivalent European option, we also consider the two RNP measures associated with the equivalent European option ( b Q and b Q y ). Let denote by C A t the price of the American option, by I t = I(S t ; E) the intrinsic value, and by b (t) 2 [0; T ] the associated optimal stopping-time. First, in the exercise region (i.e., fb (t) = tg), C A t = I t and d e rt C A t = e rt (dI t rI t dt). In the continuation region (i.e., fb (t) > tg), e rt C A t is a martingale under b Q y , but has a drift equal to ae rt y A t dt under b Q (similar to European options). Second, from e rT
Third, we take expectations under b Q and under b Q y , respectively. Under b Q,
where the term 1 fb (t)=tg e rt y A t dt is added and subtracted in the second equality. Under b Q y ,
where the second equality follows from the decomposition of the European option. The last term
is the price of the hedging portfolio of the equivalent European option, and both factorizations are like those of the …nite state discrete-time model of Section 3.3. 9 9 We have taken b Q from the European option and thus we can relate the American option with the European one.
Note that this RNP measure is also associated with the American option (for y A = 0), since the hedging portfolio and the PDE in the continuation region are of the same type than for European options (see equations (41) and (47) 
Valuation of a Portfolio of Derivative Securities
We are also interested in option-pricing from a portfolio perspective. In a complete market, the price of a portfolio of (any kind of) n securities is equal to the sum of the n individual prices because of linear pricing. In an incomplete market, however, this result does not necessarily hold.
We apply the decomposition to a portfolio of n European securities,
T ; :::; C (n) T , and assume that all securities have the same maturity. Then,
where y Let show a simple example with n = 2 securities. We assume that the instantaneous residual risks associated with each security, Y 
Risk
Risk
Using the standard deviation as a measure of risk, which seems more appropriate than the variance, since
is a reasonable speci…cation for all t and 
Examples: Basis Risk
We price a real option or an option subject to basis risk. An European call option C depends on an underlying asset V which is not traded or is illiquid. Yet there is a second traded asset S which is correlated with V . For example, the option is de…ned on an illiquid commodity (the Gulf of Mexico oil), but one could use a correlated and more liquid asset (the Texas oil future) as the hedging asset.
Then, it is possible to partially hedge the option and to derive pricing implications. 10 1 0 There are several applications of the basis risk model. V is a small stock, S is a correlated but more liquid stock.
V is a basket of assets, S is an index. V is the short-term interest rate, S are the prices of liquid bonds. In emerging markets one …nds at most one or two liquid bonds. V is in ‡ation, S is a long-term bond. Executive stock options in the company V , where the executive can trade in any stock S except V . Another related problem is that of hedging of long-term exposures by rolling over short-term futures contracts (see Ross (1997) ).
This problem is also studied by Cochrane and Saá-Requejo (2000) , and we use a similar notation.
The dynamics of both assets under the objective lognormal probability measure, P, are given by dS = s Sdt + s Sdz 1;t and (70)
where dz 1;t and dz 2;t are two standard orthogonal Brownian motions, the parameter measures the correlation between the returns of V and S, and there exists a risk-free asset with return equal to r.
The normality of returns allows us to obtain close form solutions and thus provide further intuition.
Let T be the option maturity and E the strike price, C(V (T )) = fV (T ) Eg + . Because S is a tradable asset, the no-arbitrage bounds of a call option C(S) are S Ee r(T t) + < C(S) < S, Merton (1973) . However, since V is nontradable, if j j < 1, one can show that the no-arbitrage bounds of C(V ) are much more unconstrained, i.e., 0 < C(V ) < 1. Therefore, any non-negative price is feasible as it does not allow arbitrage opportunities and the arbitrage bounds are unpractical.
The Hedging Strategy. By applying Itô's Lemma we can decompose the return of dC into
Consider the minimum variance hedging portfolio, since dz 2 is orthogonal to dS,
Then, the return of the hedging portfolio, a b h 1 S C , is equal to
The PDE equation. If we forget for a moment the residual risk, dz 2;t , then the return of this portfolio, a b h 1 S C , is risk free. The law of one price implies that
If j j = 1; this is a standard complete markets problem and we obtain the same no-arbitrage condition on the drift process.
However, we still have the residual risk, dY
. Let y t dt (where y t = 0 if j j = 1) be this risk premium. Then,
The investor in C obtains an extra premium y t dt for carrying extra risk on dz 2;t : Since a 2 = 1, the latter equation can be rewritten as
Note the hedging portfolio in equation (73) depends on the risk premium from the option Delta, C V .
Examples. If the risk premium is proportional to the option price, i.e., y t = v p 1 2 C, then
i.e., the risk-neutral return of the option, under b Q, is equal to "r a v p 1 2 ." That is, under b Q, the discount rate is not r, but a lower (larger) rate for the upper (lower) bound since > 0. A risk-premium proportional to the option price is similar to the recovery market value assumption in defaultable term structure models (Du¢ e and Singleton (1999)).
If the risk premium is proportional to the option Gamma, i.e., y t = v V 2 C V V , and > 0. We have
Interestingly, the risk-neutral volatility under b Q y , 11 v q 1 + a p 1 2 ; is di¤erent from, v , the volatility under the actual probability measure if j j 6 = 1. Whereas both volatilities must be equal in a complete market model, this constraint does not necessarily apply in an incomplete market. This premium, which depends on the convexity of the call option, is intuitive if there are transaction costs associated with trading and delta-hedging.
Assume now that y t = e A v V C V p 1 2 , i.e., y t is proportional to the hedging error standard deviation, and note that y t > 0 if e A > 0, since C V > 0 for call payo¤s. Then,
This risk-premium guarantees that the option price is arbitrage-free if these call options start to be traded and are liquid. The parameter e A can be related to the relative-risk aversion of a representative investor (Heston (1993) ). 
v V 2 C V V , the risk-neutral drift and volatility parameters can be interpreted di¤erently, and 2 = a
, which is related to the curvature of the option price. The price of risk 2 is well de…ned if the lower option price bound is non-negative.
The Price Decomposition. Let us assume a risk premium
the total hedging error is simply the sum of the one-period hedging errors plus the one-period risk premiums, …nanced or invested at the riskless rate r; i.e.,
That is,
t is the risk that can be hedged and aY
T 0 e r(T t) V C V dz 2;t , besides the risk premium, is the risk that cannot be hedged. Second, the associated risk premium is given by
The PDE equation (80) (like equations (78) and (79) 
The Decomposition of the American Put Option with Basis Risk
We now consider the valuation of one American put option on the same non-traded security V .
Let P and P A denote the price of the European and the American put, respectively. We …rst price the European put, which is equivalent to provide a risk-neutral dynamic for V . We assume a risk
The sign in front of e A is changed since P V < 0 for put payo¤s.
For the American put, the risk premium is similar but depends on P A V , y A t = e A v V P A V p 1 2 .
From equations (75) and (80) . We also de…ne = r V S + a e A p 1 2 V , which is similar to a dividend. Now, we apply and extend the results of Kim (1990) and Carr et al. (1992) . The price of the American put can be decomposed into an early-exercise premium plus the price on an equivalent European put. Kim (1990, 560) provides analytical results if the security pays a dividend, 6 = 0. 12 1 2 These results are used, e.g., to develop e¢ cient algorithms to price American options (see Ibáñez (2003) Consequently,
and where B t , 0 t T , is the optimal exercise frontier at time t.
Under b Q y , q = , E (83) and (85). And note q takes di¤erent values under b Q and b Q y .
The price of the American put is equal to the price of a hedging portfolio, a risk premium associated with the residual risk, and an early-exercise premium. The risk premium is positive (negative) for the upper (lower) bound, as a = +1 (a = 1) and P V > 0 and P A V > 0. Moreover, both P and P A depend on the same risk-preference parameter, e A. Note how the risk premium terms in equations (83) and (85) depend on P A V and P V , respectively. If it is not optimal to early exercise (e.g., if r = 0 and 0, see Kim (1990, 560) ), then B t = 0, 0 t T , and P A (0; V 0 ) = P (0; V 0 ).
Intuitively, for small t, from t to t + t, the American put provides two premiums to her/his owner if the option is alive (i.e., V t > B t ): a risk premium and an early-exercise premium, respectively, 
Concluding Remarks
This paper shows that the price of one European option can be divided into two orthogonal components. This decomposition is interesting and has several applications for option-pricing under complete and incomplete markets. First, we can see the price of an option as the sum of two separate parts. One part is robust and is priced by arbitrage. A second part depends on a risk orthogonal to the traded securities. Therefore, certain misspricings in option markets can be directly related to the second part. For example, Ibáñez (2006) quanti…es the part of the negative option premium, which is associated with stochastic volatility.
Second, it is easy to de…ne upper and lower bounds, or bid/ask prices, in an incomplete market, since the price of the hedging portfolio is the same for both bounds. For instance, one can consider positive (negative) risk-premiums for the upper (lower) bound. Therefore, it is also easy to constrain the arbitrage bounds by constraining the risk premiums. Third, as another application, we consider the valuation of a portfolio of derivative securities. Whereas this problem is trivial for a complete market, our results show that, for an incomplete market, the di¤erence between the price of this portfolio and the sum of the individual prices is due to the valuation of the residual risk. Since there can be some diversi…cation in the portfolio of derivatives, this portfolio can be cheaper.
Moreover, these results extend to American options, which have a third component -an additional early-exercise premium. We provide explicit results for the American put under basis risk. Jumps (see Björk and Slinko (2006) ) and market frictions (see Ibáñez (2005) ), such as portfolio constraints or transaction costs, prevent perfect hedging and are other good examples of market incompleteness which deserve future research. Figlewski and Green (1999) show that even the most liquid and developed option markets bear many residual risks. It would be interesting to obtain similar decompositions and to empirically study these problems.
